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1. INTRODUCTION 
Conventional methods of solving time-dependent problems can perhaps be divided into two 
groups. To the first group of such methods, we refer methods of approximation of temporal 
derivatives which are based on application of the integral Fourier (Laplace) transform. In this 
case the original problem is reduced to a boundary value problem. It should be noted that 
if coefficients are variable, the reduced problem is numerically calculated. The resulting linear 
system has a frequency-dependent matrix, and its solution for many temporal frequencies is a 
time-consuming task. 
To the second group we refer methods of approximation of temporal derivatives which are 
based on the high-order finite difference schemes. This time integration technique requires, un- 
fortunately, a small time step to obtain satisfactory results. 
This paper presents ome efficient algorithms based on the spectral Laguerre approximations 
of temporal derivatives. The key to the efficiency of these algorithms is to construct new trial 
functions, which lead to the systems with sparse matrices. Such trial functions represent the 
integrals of a combination of the Laguerre functions with the damped exponential. For the sake 
of exposition, we consider propagation of waves in one spatial dimension for the first- and the 
second-order equations with respect o time. The resulting linear system with the right-hand 
side has a sparse matrix independent of number n - - the  degree of the Laguerre polynomial, its 
right-hand side having the recurrent dependence on the parameter n. The preceding allows us 
to use fast methods of solving the linear system with a great number of the right-hand sides. 
In this case the matrix is only once transformed. Note that in paper [1], the spectral Laguerre 
method was applied to the forward seismic problems. As trial functions, we have used there the 
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Laguerre functions. In this case, the reduced equations are written down in different equivalent 
form as compared to the present paper. It is evident hat the method is readily extended to 2D 
and 3D time dependent problems. 
2. THEORET ICAL  FORMULAT ION 
In order to demonstrate he efficiency of the spectral Laguerre approximation of temporal 
derivatives, there is no sense to consider for this purpose 2D or 3D time dependent problems in 
view of their cumbersome formulas. It is sufficient to consider the acoustic wave propagation i
one spatial dimension for the first- and the second-order quations with respect o time. 
3. F IRST-ORDER EQUATIONS 
For the sake of exposition, we consider 1D acoustics equations 
OP - 20U OU 10P  
& = -pV~ -ff~, O---f = p Oz" (1) 
Here U and V are, respectively, the component ofthe particle velocity and the pressure, p and Vp 
are the density and speed of sound. System (1) will be solved subject o the following boundary 
conditions and initial data: 
Plz=o = f(t), Ulz=o = £ f(t). (2) 
PIt=o = O, UIt=o = O, (3) 
in addition to the usual condition that U and P vanish as t --~ co. The plane wave with the 
wavelet f ( t )  is simulated by condition (2). Consider the main stages of applying the spectral 
Laguerre algorithm on problem (1)-(3). The key to the efficiency of applying our algorithm is 
to construct trial functions which lead to the systems with sparse matrices for the variational 
formulation. We will take the trim functions in the form 
~(ht )  = e-~L~(y)  dy, (4) 
t 
where L~(y) is the Laguerre polynomial and a > -1, n = 0, 1, 2, . . . ,  N. Integral (4) is analyti- 
cally calculated [2] 
~(ht )  = e -ht [L~(ht) - L~_t(ht)]  . (5) 
An important property of the function ~o~(ht) is the fact that its temporal derivative is of the 
simple form 
d~pan(ht) = d e-~L~(y) dy = -he-htL~(ht ) ,  (6) 
dt dt t 
as opposed to the derivative of a conventional trial function. Let us outline the basic features of the 
variational formulation. We multiply both sides of equations (1) by (v~n! ) / ( (n  + a)!)em/2(p~(ht) 
and integrate from 0 to oo (applying integration-by-parts) and obtain 
"~ Qn + = --P P'.n n + ot 
. . . .  
n+ pdz  Q"- I  " 
(8 )  
The boundary conditions (2) at z = 0 are transformed to the form 
1 
n Qn_ l  = fn ,  t~ n n p~n_l = " In ,  (9) 
Q" - n - n 
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where 
vrhn! f0 ~ fn - (n + ~)---~1. f(t)e -(ht)/2 [L~(ht) - L~_l(ht)] dt. (10) 
When integrating-by-parts we automatically satisfied conditions (3) and conditions at t ~ c~ 
and the derivatives of the function ~o~(ht) under integral sign were changed according to (6). In 
this case the functions Rn and Qn are determined as follows: 
L vrhn! P(z, t)e-(ht)/2L~(ht) dt, (11) Qn(z) - (n + ~)! 
v/-hn! U(z, t)e-(ht)/2L~(ht) dt. (12) P~(z)  - (n + ~)! 
The inverse formulas are of the form 
oo  
P(z, t) = x/h(ht) ~ E Qn(z)e-(ht)/2n~(ht)' (13) 
rt----O 
oo 
U(z, t) = v~(ht) a E Rn(z)e-(ht)/2L,~(ht)" (14) 
n-~O 
Here the orthogonality relation takes place: 
hn! e-ht(ht)~L,~(ht)L~(ht) d  = 5nm. (15) 
(n+a)!  t 
Note, that the functions Q,~-l(z) = P~- l (z )  = 0 at n -- 0. Let Vp -- Vp(z). Then the finite 
difference scheme of fourth order is applied to the solution of problems (7)-(9). The resulting 
system with a great number of the right-hand sides has a sparse matrix independent of number n. 
For solving this system, we use the Kholitsky method. In this case the matrix is only once 
transformed. The functions P(z, t) and U(z, t) are calculated from (13),(14). In order to fulfill 
condition (3), we have selected the parameter a = 1, in formulas (13),(14). 
4. SECOND-ORDER EQUATIONS 
In this section, we consider some features of the spectral Laguerre method for the second-order 
1D wave equation: 
c92P 1 02P 
Ot '''5- - Y~ Oz 2 (16) 
Equation (16) will be solved subject o the following boundary conditions and the initial data: 
PIz=o = f(t). (17) 
PIt=o = O-~t t-o- = O, (18) 
in addition to the condition that P and oR -~F vanish at t --~ c~. An essential feature of the algorithm 
is the selection of a trial function in the form 
~o,~(ht) = e-YL,~(y) dy du. (19) 
t 
The integral (19) is analytically calculated: 
~(ht )  = e -ht [L~(ht) - 2L,~_x(ht ) + L~_2(ht) ] • (20) 
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An advantage of the trial function ~o~(ht) is the fact that its first and second temporal derivatives 
are of the simple form 
d~o~ ( ht ) 
dt 
d2 ~o~ ( ht ) 
= - -  e-YL~(y) dy du 
dt t 
L = -h  e-YL~(y) dy = -he  -he [L~(ht) - L~_z(ht)] ,  e 
- h2e-htL~(ht). 
(21) 
dt 2 (22) 
As in the previous ection, let us multiply both sides of equation (16) by (v~n!)/((n+a)!)eht/2~o~ 
(ht) and integrate from 0 to c~ applying integration-by-parts two times and obtain 
d2 [ 2n Qn- l+ n(n-  1) ] 
dz 2 Qn - n+-----~ (n+a) (n+(x -  1) Q~-2 
h2 [ 2n n (n -1)  ] (23) 
-4v  Q"-'+ 1) 
The boundary condition (17) at z = 0 is transformed to the form 
2n n(n - 1) 
Qn - n+---'~Q~-i + (n +~)(n+~-  1) Qn-2 = fn, (24) 
where 
v/-hn! ~ _ L ~ fn = in + a)[ ~ f ( t )e  -(ht)/2 [L~(ht) - 2L~ z(ht) + n_2(ht)] dt. (25) 
Here the function Qn(z) is determined by formula (11) and the inverse formula (13). When 
integrating by parts we automatically satisfied conditions (18) and conditions at t --* oo. The 
finite difference scheme of fourth order is applied to the solution of problem (23),(24). We use 
fast methods for solving the obtained system with a great number of the right-hand sides. The 
function P(z , t )  is calculated from (4). In order to fulfill condition (18), we have selected the 
parameter (~ = 2, in formula (13). 
5. H IGH-ORDER EQUATIONS 
While solving time dependent problems there are some cases when the original second order 
system of equations is transformed to the equation of a higher order. Without consideration of 
statement of a particular problem, let us present a trial function for the fourth-order equation as 
an example. A trial function will be taken in the form 
~,~ (ht ) = e-~L~ (y) dy duds dr. 
t 
The fourfold integral (26) is analytically calculated 
~,~(ht) = e -he [L,~(ht) - 4L,~_l(ht ) + 6L~_2(ht) - 4L,~_a(ht) + L,~_4(ht)] . 
The temporal derivatives are expressed as 
d~o~(ht) = d ~:  ~ ~°°  ~ 
d2~oan ( ht ) 
dt 2 
d3~o~(ht) 
dts 
d4~o~(ht) 
dt 4 
~h ~ ~ 
= -h  f infe-~L,~(y)dyduds,  
t ,/8 u 
= -he  -he [L~(ht) - 3n~_l(ht ) + 3n,~_2(ht ) - n,~_3(ht)] ,
- -  = h2e -ht [Lan(ht) - 2n,~_z(ht) + n~_2(ht)] , 
- -  = -h3e -ht [L,~(ht) - L~_t(ht)] , 
- -  = h4e-htL~(ht). 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
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6. NUMERICAL  EXPERIMENTS 
The main objective of the numerical experiments was to study the behavior of the func- 
tions Qn(z) and R~(z) with the increase of number n- - the degree of the Laguerre polynomials, 
as well as with the optimal selection of the parameter h for convergence of series (13),(14). As 
the function f(t) in formula (10), we took the wavelet in the form 
2~rYo(t - to) 2 ] f(t) = exp ~ sin [21rf0(t - to)]. (32) 
Integral (10) was numerically calculated. Note, that if the function f(t) is selected as combination 
of the Laguerre function multiplied by the damped exponential, then due to the orthogonality 
relation (15), integral (10) is analytically calculated. Figure la presents the graphs of the func- 
tion Qn(z) at distances z = 5A and z = 10A, where A is the dominating wavelength. 
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(a) Spectrum of the function Qn(z) for 
z ---- 5A and z = 10A, where A is domi- 
nating wavelength. 
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(b) Synthetic seismograms forthe plane 
wave at the same distances for the ho- 
mogeneous medium. 
Figure lb demonstrates the calculated seismogram of plane waves at the same distances. Here 
the parameter h = 200 and f0 = 10 Hz, 3, = 4. With a further increase of the parameter h, 
the spectrum of the function Qn(z) shifts towards greater numbers n and is becoming narrower. 
With the increase of the dominating frequency f0, the value h should be linearly increased if we 
want to obtain the optimal convergence of the series (13),(14). 
7. CONCLUSION 
We have presented the spectral Laguerre method for the solution of the time-dependent prob- 
lems (seismic and electromagnetic forward modeling, heat-conduction problems, etc.). The solu- 
tion is expressed in a series of the Laguerre polynomials in the time variable. The resulting linear 
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system has a sparse matrix independent of number n- - the degree of the Laguerre polynomials. 
The right-hand side of the system has the recurrent dependence on the parameter n. In this 
case we use fast methods of solving the linear system with a great number of the right-hand 
sides (the matrix is only once transformed). The spectral Laguerre method for approximation 
of temporal derivatives i  an alternative to the Fourier method. As for the latter, the resulting 
system after its application has a frequency-dependent matrix, which brings about the increased 
computer costs. The spectral method discussed here can be applied for the calculation of spatial 
derivatives in the first-order equations. Its application would make it possible to automatically 
satisfy the far-field conditions. In this case, there is no need to introduce the absorbing boundary 
conditions. Nevertheless, the use of the spectral Fourier and Chebyshev methods demand essen- 
tially less spatial frequencies per one wavelength as compared to the spectral Laguerre method. 
In the present paper we have demonstrated the efficiency of the spectral Laguerre approximation 
of temporal derivatives. For the 2D and 3D forward seismic problems, we use a combination of 
the spectral Laguerre approximation of temporal derivatives with high-order finite difference (or 
spectral) approximations of spatial derivatives. 
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